ON ASYMPTOTICS OF g-GAMMA FUNCTIONS 



RUIMING ZHANG 



Abstract. In this paper we derive some asymptotic formulas for the q-Gamma 
function rq(z) for q tending to 1. 



1. Introduction 

Given complex numbers 

(1) 0<g<l, aeC, 
we define [HEllalB] 

OO 

(2) (a;q)oo n(l-«9') 

fe=0 



and the g-Gamma function 

,3) r,w. <^a-„- 

The Euler Gamma function r(z) is defined as [U El [Hill] 



The Gamma function satisfies the refiection formula 



(5) r(z)r(i-z) = ^ , ze 

smTTZ 



and the integral representation 

/•OC 

(6) r(z) = / e~H'~^dt, 5R(z) > 0. 

Jo 

The Gamma function is a very important function in the theory of special functions, 
since all the hypergeometric series are defined in terms of the shifted factorials (a)„, 
which are quotients of two Gamma functions 

(7j \a)n ■= — 7^7^; — , a G L, n e £. 

T(a) 

Similarly, the g-Gamma function is also very important in the theory of the basic 
hypergeometric series, because all the basic hypergeometric series are defined in 
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terms of the g-shifted factorials (a; g)„, which are scaled quotients of the g-Gamma 
funtions 

8 (9";g)« = ^ ^rrh "eC, neZ. 

W. Gosper heuristically argued that [H El [31 [4] 

(9) lim - z G C. 

9-1 Tqiz) T{z) 

For a rigorous proof of the case z G R, see [IJ. In this short note we are going to 
derive some asymptotic formulas for Tq{z) as g — > 1 in two different modes. In the 
first mode we let z ^ oo and q ^ I simultaneously, while in the second mode we 
let g — > 1 for a fixed z. 

Lemma 1.1. Given any complex number a, assume that 

(10) o<T^<2 

/or some positive integer n. Then, for any positive integer K , we have 
(a;(?)oc, [aq";q)oo fr^ [q;q)k 

2{\a\q-y 



with 

(12) \nia,n,K)\< 



K 



ano 



-R"-! ^fe(fe-l)/2 



(13) i^^^i^aq-.q)^ ^ '^'Z ' \ -aq-f + r2{a,n, K) 
with 

(14) \r,{a,n^K)\<'-^ ^l"''^ ^ . 

Proof. From the g-binomial theorem [H O [31 H] 

(15) {jp^^y^ia^^k ^^^^c, 

we obtain 



ri[a,n,K) = > — = - ^ >^ / k+i \ ■ 

Since 



(g'^+^g)fc>(i-'z)' 

for fc = 0, 1, thus, 
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Apply a limiting case of lfT5l) . 

(16) 



we get 



r2{a,n,K) = ^ > . 

From the inequalities, 

i^>fcgfe-l, ^Ji!llh^>k\q^ik+2K-l)/2^ forfc = 0,l, 
1 - g (1 - g)'^- 

we obtain 

- \J-,) 



< ^ , ^ .^'^'•^ ^ exp(l/2) < 



/f(K-i)/2(|„|^„)K 2g^(^-i)/2(|a|9")^ 



K 



The Jacobi theta functions are defined as 

oo 

(17) e,iz;q) := 0i(«|t) ^ (_i)fe^(fc+i/2)^g(2fc+i).^.^ 

fc — — OO 

oo 



(18) e2iz;q) :=02(«|t) ^ q^'^+'Z'^ e 

k — -~OG 

oo 

(19) 9,{z;q):=03{v\r):^ ^ q 



2k7Tiv 



A;— — c 
oo 



(20) 04(^;9) :-^?4(«|t) ^ (-l)-^ e 

k — — QO 

where 

(21) 2 = 62^^™, g = e"^, 3(r)>0. 
The Jacobi's triple product identities are 

(22) ei{v\T) = 2q^^Umnv{q^;q^Uiq^e^^'^";q^)ooiq^e-^^"';q^U, 

(23) e2{v\T) = 2gi/4 cos7rviq^:q^)^{-q^e^-'-;q^U{-q'e-'^'^;q% 

(24) 03(f|T) = (g';9')oo(-ge2™;g2)^(„qe-2™;g2)^^ 

(25) 0,{v\r) = (g';g')oo(ge'™;g')oo(ge-'™;g')oo, 
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they satisfy transformations: 

(26) 0,[^l\-l^^-^^e-'^^0,iv\r) 

(27) ^^(7|-7)=/t^'^™^'^^^(^I^)' 



oo 

2'KikT \ 



(28) e,^-\--^^^-e--^^e,{v\r)^ 

(29) 6,{^-\-^^J=^^e-''^e,{v\r)^ 
The Dedekind 77(t) is defined as [5] 

(30) ^(r) :=e--/i2n(l-e 
or 

(31) V{r)=q"'\q^\q^)oo, g = e"^ 3(r) > 0, 
it has the transformation formula 

(32) , (-1) = f-,ir). 
Lemma 1.2. For 

(33) < a < 1, n e N, 7 > 0, 
and 

(34) g = 6-2-7-^"-°^ 

we /lawe 

(35) {q- qU = iiin'^)-' - jn^) } {l + O (g-^-^"") 
and 

(36) ^ = exp{jL(,.^(,..)-i)} ^ ^^^^^ 
as rt ^ 00. 

Proof. From formulas ll30|, and ([321 we get 

(g; q)oo = exp (777-171-712) 77 (7-^77-"^) 
= V7"°"exp (7r7-i7i-°/12) r]{jn°-i) 



and 



= VT^exp (777-17^-712 - 77771712) n(l - £-2^'^'^"°) 

fc=i 

= V^exp (777-17^-712 - 77777712) {1 + (^e-^'^^"") } 
1 ^ exp (77777712-777-17.-712) r ^ ^ (,-2.fn') ■ 



as 77 — > 00. 
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(37) 



2. Main Results 

For di{z) > — i, we write 

r,(z + i/2) _ 1 



(g;g)oo(i-Q)i/2-- (r+^/2;9)oo' 

then, 



Formula ([371) implies 

(39) r,(- + z)rq(--z) - 



(40) r,(l + .)r,(l-z)=(i-'^)('^^'^)^ 



^2 ' ^ '^2 ' 04{r;q^/^) 



Thus, 



(41) r (1 (g;g)go(i-gr^/^ ( .+i/2 . 



or 



^ 1 _ ^ (g;g)g,(l-g)-+V^ ^ ^fc('=-i)/2(_,.+i/2)fc 



'2 ' 04(g-gi/2) (g.^)^ 



for 3?(z) > -i 



2 • 



2.1. Case (7 — > 1 and z 00: 
Theorem 2.1. For 

(43) 0<a<i, neN, m G R, g = exp(-27i-°7r), 



we /lawe 
(44) 



1 _ 2exp(7rn-°(n°M + n)2)cos7r(n°u + n){l + 0(e-2^"")} 



F,, (i - n - n-^u) V^exp (7rnVl2 + Tm^VS) (1 - cxp(-27rn-'^))"+"°"+^/^ ' 
1 exp(7rn"/12 - 7™-'^/12) {l + O (e-^'^"")} 

^^^^ Fg (i + ?l + ~ ^/^(l _ g-27rn-»)l/2-n-ri»u 

as 71 — + CO, and the big-0 term is uniform with respect u for u e [0, 00). 
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2.2. Case 9 — > 1 and z fixed: 
Theorem 2.2. Assume that 

(46) q^e-^''\ r > 0, x G M. 
If 

(47) x>-l g > 1 - exp(-22-+i), 



then 



(48) r,(i + x) = r(x + 1/2) {1 + ((1 - g) log2(l - g))} , 



{l + 0((l-g)log2(l-g))} 



(49) 



r,(i-a:) ra-x) 



where the implicit constants of the big-0 terms are independent of x under the 
condition ll47l) 



3. Proofs 

3.1. Proof for Theorem [2TTI 

Proof. We first observe that 

1 exp(7rri''/12-7m-°/12) 



(9; 9)00 
and 

1 (gl/2-"g27ru.^) 



11 + 0(6-2™°^! 



(1/2 -n- n^u) {q; g)oo(l - g)"+"""+i/2 

- (-1)»(1 _ g)n+n-«+l/2(^^ gn+l/2g-27r«. 

as n ^ cx) . Then we have 

(„,,...vl-^..;,).. - »-° ("'"/^ - ".-'70) { 1 + (»--•) } , 

and 

(g,gl/2g-27r«^^l/2g2^«.g)^ ^ I ^-a--) ^ n'^/Sg'^"""" ("" « | «"*) 

= 2n"/2exp7m''(M2 _ 1/4) cos(n''u7r) |l + O (^e-^™") | 
as n — > 00. Thus, 

1 2 exp TT (n-"(n"u + nf) cos(7rn"it + n7r) {l + O (e^^^rn"-) | 

(1/2 - n - n"w) ^a/2 (1 _ g-2™-»)"+"""+i/2 (^„a/i2 + Trn^VS) 

as 71 — > cxD, and it is clear that the big-0 term is uniform with respect to m > 0. 
Similarly, formula l(45|) follows from Lemma [TTT] and [L2l □ 
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3.2. Proof for Theorem [2721 

Proof. From (|27l) . ([32)) and 

we get 

,1 (1 - exp (-7rr(x2 - 1/4)) rt^i/r) 



"''2"-^^ Tr,(i-a;) 02(xN/r)' 

and im and (fTSl imply that 

T. ,1 ^ (l-e-^"nexp(-^T(a:^-l/4)) ^ f 2n 
^'^2 + ^) = 2rcos(.x)r,(l-.) 1^ + ^ rP(- V 

TT exp (-TTTX^) {1 + O (t)} 

cos(7ra;)rg(i — x) 

^ Trexp (-^rlog2(l-g)jj^p^) {1 + 0(t)} 

cos{nx)Tq{^ — x) 

as T — > 0+ and the big-0 term is independent of x. 
The condition (|47| impHes that 

< , < 1, 

log'(l-g) 

then, 

J. (1 , ^^ _ 7r{l + 0((l-g)log^(l-g))} 
* 2 cos(7rx)rg(i — .x) 

as g ^ 1 and the impUcit constant above is independent of x. 
It is well-known that an g-analogue of ^ is [U 121 |3l H] 

t^-'^' . TT (gV^-^g)oo ^ 1 

-at = r , X > —-, 



{-t;<l)oo cosTTx (g;Q)oo ' 2' 



or 

TT 1 

X > --. 



(-(1 - 9)^:9)00 cos(7rx)rq(i - x) ' 2 



Consequently, 



1 /-oo fx-l/2jf 

T,{Ux) = {l + 0{{l-q)\0g'{l~q))} ' 



as r ^ 0+ and the implicit constant of the big-0 term here is independent of x 
with X > 
Write 

h+h, 



(-(i-9)i;9)c 

where 



(-(l-q)t;g)c 



and 



log(l 



(-(1 - <?)^;a)c 
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In Ii we have 

log{^{l ~q)t;q)^ = ^ log(l + (1 - g)t(7') 

(-1)" 



oo oc 



^-^ n + 1 ^ 

fc=On=0 



E' 



n + 1 1 - 

n=0 ^ 

= t + r(n), 

where 

(1 - 



K") E 



n + 1 1 - 
The condition l(47|) impUes that 

0< (l-g)log(l-g)-i <e-\ 

then 

|r(7i)| < c(l-g)log2(l-<7), 

with 

^ [2(l-g)log(l-g)-i]" - (2e-ir 



c 



n + 2 n + 2 

n=0 n=0 



^21og(l-9)-i 



Therefore, 



as T — > 0+, and the impUcit constant of the big-0 term is independent of x. 
Since 

/•oo 

21og(l-g)-i J21og(l-g)-i 

clearly, 

/■oo 

/ e'H'^-^l'^dt = T{x + 1/2)0 ((1 - q) \og\l - q)) . 

J2 log(l-?)-i 

Thus, 

h = T{x + 1/2) {1 + ((1 - g) log2(l -q))), 

as r ^ 0+, and the implicit constant of the big-0 term is independent of x under 
the condition l(47j) . 
Recall that 

(-(1 - q)t- q)oo = g"^"''^^'^" ^!7f" > ~ 
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for any n = [- log(l - q)\ > 2^^+! >2x + l. Then 
h < 



< 



(1 -x- 1/2) 
r(a; + 3/2) 

< r(.T + l/2)jl!g"(l-")/2(_ lQg(^ _ ^)^2x-2«+l^ 

It is clear that 

^n(l-n)/2 ^ ^(^^^ 

as T ^ 0+. From the StirUng formula 



as n ^ oo , we have 



as T ^ 0+ and the implicit constant of the big-0 term is independent of x under 
the condition l(47j) . 

Therefore, under the condition l(47|) 



r(x + l/2){l + 0((l-g) log'il-q))} 



(-(l-q)t;g)c 

as T — i- 0"*" and the implicit constant of the big-0 term is independent of a; > 
Hence we have proved that under the condition (|47l) we have 

r,(^ + x) = r(x + i) {1 + O ((1 - q) log2(l - g))} , x> -1/2. 

Then, 



which is 



1 _ {l + 0((l-q)log2(l-g))} 



T,{^-x) r(i-a;) 
where the implicit constant of the big-0 term is independent of a: > — ^. □ 
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